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1 Introduction

The relevance of Lie groups in physics is a well established fact: They appear both in classical and
in quantum problems. In this context an important role is played by the Haar measure, needed e.g.
for the construction of a consistent path integral in lattice gauge theories [1]. The canonical 1-form
0 of the compact Lie group G is the fundamental structure customarily used to find this measure.
In effect the components of § w.r.t. a basis of Lie(G) are everywhere linear independent, smooth,
left-invariant 1-form on G [2]. So their wedge product gives us a left-invariant volume form. In
order to perform explicit calculations we have to choose a suitable local chart and the related local
expression for the Haar measure. The logarithmic coordinates [3] are the most obvious choice for
a coordinatization of G. In this case the canonical 1-form becomes

1
0(X) :/ e 24X s,
0

The related volume form is
1— -
w= 7eda1/\---/\do<n7
Aeo(adX)

where o(adX) denotes the spectrum of adX and «; are a basis of Lie(G)*. However these co-
ordinates do not display generally the subgroup structure of G which usually are relevant in the
physical applications. The difficulties of such a kind of coordinatization arise when one needs to
explicitly determine the global range of the coordinates. A coordinatization which yields a simple
form for the Haar measure and at the same time allows a simple determination of the range for the
angles can become crucial for numerical computations, e.g. in lattice gauge theories or in random
matrix models. For unitary groups such a coordinatization has been constructed in [4], generalizing
the “Euler angle parameterization” for SU(2).

In this paper we provide an analogous simple coordinatization for the exceptional Lie group Gs.
We start by showing how a simple matrix realization of the algebra can be obtained starting from
the octonions. Then a proposal for a representation of the group elements, based on the previous
construction and emphasizing the SO(4) subgroup embedded in Gs, is given and it is proven to
cover the whole group.

After computing the left-invariant currents in a way that respects the structure of the fibration,
the infinitesimal invariant measure is determined with a suitable normalization. We then use
topological tools and symmetry arguments to determine the correct range of the coordinates. As a
by-product we obtain a coordinatization and an Einstein metric for the eight-dimensional variety
of quaternionic subalgebras of octonions.

Motivations for considering models with Gy symmetries are provided by different physical
systems, for example they arise in the study of deconfinement phase transitions [5], in random
matrix models [6] or in the new matrix models related to D—brane physics [7].



2 The G, algebra

The octonions O are an eight-dimensional real algebra whose generic element «a is a pair of quater-
nions (aq, ae) with the following multiplication rules

(a1,02) - (B1,82) = (11 — Bacz, Bocv + af3h). (2.1)

Here (a1, as), (51, 2) are generic octonions. This algebra comes naturally equipped with an invo-
lution called conjugation

(al, ag) = (641, —ag).

Denoting by 1,4, j, k the usual basis of the quaternions yields the following canonical basis for the
algebra O

eo = (1,0), ex = (4,0), ea = (4,0), es = (k,0), es = (0,1), e5 =(0,4), eg =(0,7), er = (0,k).

Using this basis it follows easily that the subspace H spanned by {1, e1, ea,e3} is in fact a quater-
nionic subalgebra that we call the canonical quaternionic subalgebra. Moreover we can consider
O as a two-dimensional module over H, i.e. every octonion z can be decomposed as z = x + yeq,
where x,y are suitable quaternions.

The octonions, together with R,C and H, are the only normed division algebras. The norm is
induced by the standard Euclidean structure of the underlying real vector space. They are neither
commutative nor associative, but they are alternative, i.e. any subalgebra generated by two octo-
nions is associative. This weak form of associativity implies the Moufang identities [8], which are
multiplication laws among octonions and will prove very useful in the following

(ax)(ya) = alzy)a,
a(z(ay)) = (aza)y,
yla(za)) = ylaza). (2:2)

The relevance of the octonions in mathematics is due to their deep connection with the exceptional
Lie groups ([9] and references therein). We are interested in the group Gs. In this case the link
is easy to understand: Gg is the automorphism group of the octonions. For every octonion a we
denote by [, the left multiplication I, (z) = ax. Under suitable hypothesis the composition of left
multiplications generates elements of Gs. In fact it holds

Proposition 1 Let g = lo, ...l,,, where a1,...,a, are unitary purely imaginary octonions. If
g(1) =1, then g € Gs.

Proof We have to show that g(z)g(y) = g(xy) for all z,y € Q. To this end we prove by
induction on n that

9(x)g(y) = g((xb)y), (2.3)

where b = (... (a1a2)...)an.
For the moment we avoid the hypothesis g(1) = 1.
If n =1 we have

(az)(ay) = —a*((azx)(ay)) = —a((a(az)a)y) = a((za)y),



where the first equality holds because a is purely imaginary and the others by the Moufang iden-
tities.
Now we suppose the statement is true for n. So we have

glaz)g(ay) = g(((ax)d)(ay)) = —g(a®(((ax)d)(ay))) = g(a((x(ba))y)),

which is the equation (2.3), if we replace g by gl, and b by ba.

Finally, to complete the proof we have to show that b = (... (a1a2)...)a, = 1. So, applying
the operator l,, ...ls, to both members of the equation 1 = g(1) = a1(...(an—1ax)...) gives us
an(an—1(...(aza1)...)) = (=1)", and then by conjugation we obtain (—1)"(...(a1a2)...)an, =
(—1)™ which implies b = 1.

O

We can get some interesting subgroups of G2 by imposing additional conditions on g. If we add
the hypothesis g(e1) = e; we obtain a SU(3) subgroup denoted in the following by P. Moreover,
imposing also g(ez) = eq, the resulting subgroup is a copy of SU(2), which we call S.

In order to write down generalized Eulerian coordinates we need to describe the embedding of
SO(4) in Gy [10].

To this end we identify as usual SU(2) with the 3-sphere of unitary quaternions and we consider
the following homomorphism

v:S8U2) x SU(2) — Gi
(a,b) = Yab, (24)

where Va5 (x + yeq) = azxa + (bya)ey. Using the Moufang identities it is not hard to check that v
is truly an octonion automorphism. Fixing a = 1 provides us with the embedding 15 of SU(2)
in G2, whose image is the subgroup S. On the other hand the image of the embedding ~,; is a
SU(2), which we denote by ¥ and which is not conjugate to S.

The map 7 is not injective and its kernel is the subgroup Zs = {(1,1),(—1,—-1)}. By the
homomorphism theorem the image of the map v in Gy is isomorphic to (SU(2) x SU(2))/Za,
which is SO(4) as well known. In the following sections we will refer to the image of v simply as
SO(4).

The homogeneous space H = G2/S0O(4) is the eight-dimensional variety of the quaternionic
subalgebras of Q. So H can be thought as a point of H. G5 acts transitively on H and the stabilizer
of H is the image of « [10]. Then we have the fibration

SO(4)— Gy

|

H

The G5 generators provided in proposition 1 are useful in particular to find a basis of the Lie
algebra Lie(G2). Actually, let us take an element of G of the form gupe = —l(cp)alalble, Where
(cb)a, a,b, c are unitary and purely imaginary (i.e. a +a = 0). Notice that the choice of —(cb)a
guarantees ggap.1 = 1. The condition that (cb)a be purely imaginary amounts to (cb) L a.



—l(cbyazla,lole where a; = ccos(t) +asin(t) and with the additional

Consider now a path g4, .
requirements b L ¢, b L aand a L c.
Jabe(t) is an element of Lie(G2). With suitable choices of the
0

t

d
dt
elements a, b and ¢ among the elements of the canonical basis of O we can find a basis of this algebra.

The representative matrices, written below with respect to the canonical basis, are normalized with

the condition Tr(C;C})

action on the real unity.

By definition Clyp.
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0 0 0 -1

-1 0 0

0

0
0 0 0

0

0 00O

0 0 01

0
0
0
0

0
-1 0 0 0 O

0 010

0 0 0O
0 0 0O

0
-1

0 00O

0

-1 0 0 O

0

Cy =

Cy =

Cs =

0
0
0

0
-1

0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 01
0 0010

-1

0
0

0
0
0
0

0
0
0
-1
0
0
0

0 0 0O
0 0 0O
0 0 0O
0 0 0O

0 0 01

0 0 0O
0 0 0O

1

0 00 -1 0

0

-1 0 0 O

0 0

Gy

Cs =

0
0
0
0

-2

——
OO OO oo
OO OO oo

—
o O | o O O
i
o | o O O o
o o O H O

0
0 0 O
0
1
0

S
—
_OO

—
OOO_OOO
S oo oo O A
O OO OO~ O
n/_HOOOOOO
SO o oo oo
OO N O O OO
{

RS

—

Il

o

—

O
—
SO O H O OO

—
cCooco | oo
O OO OO~ O

—
SC oo o oo
O OO OO OO
n/_,_OOOOOO
O NO oo oo



00 0 -2 00 O 0 0 0 0 -2 0 O

0 0 O 0 0 0 -1 0 O 0 0 0 1 0

1 0 0 O 0 01 O 1 0 O 0 0 0 01
Ch=—=1[2 0 O 0 0 0 O Ci2=—=| 0 0 0 0 0 00
V3 00 O 0 0 0 O V3 2 0 0 0 0 00

00 -1 0 0O0 O 0 -1 0 0 0 0 O

01 0 0 0 0 O 0o 0 -1.0 0 0O

0 00 O 0 -2 0 0 0 00 0 0 =2

000 0 -1 0 O 0 0 01 0 0 O

1 0 00 -1 0 0 O 1 0 0 00 -1 0 O
Cis=—=| 0 0 1 0 0 0 O Cu=—=| 0 -1 0 0 0 0 O
V3 01 0 O 0 0 0 V3 0 0 1.0 0 0 O

2 00 O 0 0 0 0o 0 00 0 0 O

0 0 0 O 0 0 O 2 0 00 0 0 O

This basis satisfy the commutation rules summarized in the antisymmetric matrix By = [Cy, Cy]
given in the appendix A.

Among that matrices we can recognize the Lie algebras corresponding to the subgroups of G5
mentioned above. The first eight matrices generate Lie(P) and they are reminiscent of the Gell-
Mann matrices. Moreover, the matrices {C; ,Csy ,C5} generate Lie(S) and finally {Cs ,Cy ,Cip}
generate Lie(X).

Since the elements C5 and C1; commute, they generate a Cartan subalgebra of Lie(G2) which
is the Lie algebra of the maximal torus T of G2. Notice that the commutators among the basis of
Lie(S), LieX and Lie(T) generate the whole basis of Lie(G2).

Our previous observations lead us to the conjecture that a good coordinatization for the generic
element g € Gy can be defined by

g = o(a1, as,a3)s(ay, as, aG)e‘/ga7C“easc5u(a9, a10, a11; @12, a13, G14), (2.5)
where
s(x,y, z) = e®C2e¥C2e2C (2.6)
ola,y,2') = eV3¥ CsV3Y' CogV32'Cs (2.7)
w(z,y,z; 2y, 2") = s(x,y, 2)o(2,y, 2) (2.8)

are elements respectively of S, ¥ and SO(4).

In this paper we prove that this is in fact a good coordinatization for G35, which could be used
to determine a simple form for the Haar measure on the group. In order to achieve this we will
first determine the corresponding invariant metric and then compute the range of the coordinates
ai,az,...,0a14.

3 The invariant metric for G,

In order to compute the invariant metric over the Lie group G5 we will first show how our coordi-
natization (2.5) is related to the fibration described in the previous section.



It is well known that for a simple group, and therefore in particular for Gs, the invariant metric
is uniquely defined (up to a normalization constant) by the Killing form over the algebra. More
precisely, the Killing form defines a metric (and a Lebesgue measure) over the tangent space to the
identity, which can be pulled back via the left (or right) multiplication. If f; ;% are the structure
constants of the algebra, then the Killing metric has components

Kry=(C1,Cy) = —~kfri™ fon® (3.1)

where k is a normalization constant. In our case we find K;; = 16k, which suggests to choose
k = i conveniently in such a way that the generators {Cr}}1, are orthonormal: (Cy,Cy) = dy.
By right multiplication we can associate to every matrix Ct a vector field in the tangent bundle.
Its dual (defined using the pullback of the Killing form) is a left-invariant 1-form and the collection
of those 1-forms provides a trivialization of the cotangent bundle. In a coordinate patch {w!} the

canonical 1-form J becomes

dg
Y - | J
so that the invariant metric is
ds? = grydw’ @ dw’ = J* @ JM(CL,Cyr) (3.3)

Therefore, if we define the matrix J = {J! i} with components J! = J! rdw® and remember our
normalization, we find for the components of the metric

g1y =0 IM (3.4)

This means that the right currents define a 14-bein over the Lie group Gs. In particular the
invariant volume form is

w=J'A AT =det(S)det AL A dat? (3.5)

and the associated Haar measure is
14
dp = det(J) [ dw” . (3.6)
I=1

Now we use our coordinatization (2.5), which we rewrite in the form
g = h(a1, a2, a3, a4, as, ae, ar, ag)u(ag, aio, aii; aiz, a1z, aia) - (3.7)

Note that u is the generic element of the subgroup SO(4), while h is an element of ST which is
not a subgroup of G2. We can express the currents associated to the elements u and h respectively
as

14
Ju=duu =>"JiCi,  Jy=hTldh=)_ JiC;, (3.8)
i€EA =1



where A = {1,2,3,8,9,10}. Note that for Jy we have chosen the left currents. This is because
from the orthonormality condition it follows that

ds? = 3" (T + )+ ()7 (3.9)
i€A igA

This particular form of the metric stress the ralation with the fibration of G over the variety
H. In effect it shows explicitly the separation between the base and the fiber and if we fix the
coordinates (a1, as, as, aq, as, as, az, ag), it reduces to the metric on the fiber SO(4). On the other
hand the term Ei¢ A (J,i)2 corresponds to the acht-bein .J;, obtained after projecting the currents
Jp orthogonally to the fiber, and therefore it has to coincide with the metric on the base.
This decomposition greatly simplifies the explicit computation of the metric, the main task being
the computation of Jy.
In order to determine J, remember that u(x,y, z;2',y', 2") = s(x,y,2)o(a’,y’,2’) and that s and
o commute, so that in terms of J, = dss~! and J, = doo !, we get J, = J, + J, with

Js(z,y, z) = [—sin(2x)dy + cos(2z) sin(2y)dz|Cy + [cos(2z)dy + sin(2x) sin(2y)dz]Co
+[dx + cos(2y)dz]Cs

Js(z,y, 2) = V3[dx + cos(2y)dz]Cs + V3[cos(2z)dy + sin(2z) sin(2y)dz]Co
+V/3[sin(2z)dy — cos(2z) sin(2y)dz]Cio (3.10)

Using Mathematica we have found for the currents Jj, the expressions written in the Appendix
B.

We are now able to compute the Haar measure in our coordinates. In fact, if L is the 8 x 8
matrix given by the acht-bein Jp, and Js ,Jo are the 3 x 3 matrices associated to the drei-bein J,
and J, respectively, then det(J) = det(Jy,) det(J,) det(J,) so that

14
dp = 27V/3f(2a7 , 2ag) sin(2az) sin(2as) sin(2a10) sin(2a;3) H da; , (3.11)
where
fla,p) = sin(ﬂ ; a) sin(ﬂ ; a) sin(ﬁ —2304) sin(ﬁ —;3(]) sin(a) sin(Q)
= 1(cos(oz) + cos(8))(cos(3a) + cos(B)) sin(a) sin(5) (3.12)

4

This, however, is not the end of the story. We need in fact to determine the range of the coordiantes
which covers the whole group G, apart from a subset of zero measure. To this end we will use a
topological argument.

4 The range of the coordinates

Before entering into more details, let us explain our strategy.
Looking at the measure (3.11) one immediately sees that for some values of the coordiantes it



vanishes. This happens for certain values of the angles as, as, a7, as, a1, a13. Let us suppose we
choose the range for these coordinates in such a way that it delimits a region where dy is vanishing
only on the boundary. For the other coordinates the range is fixed in such a way that each of them
goes around a closed orbit exactly once.

To this end we describe a 14-dimensional closed cycle V' which represents an element of the ho-
mology group [V] € Hi4(G2,Z) '. Using the pairing B : H* x H}, — R given by

B(), W) = /Wg | (4.1)

we define the normalized form
7 = B([w], [Gg])_lw. (4.2)

It is clear that the function B([7],) takes only integer values. In particular B([7], [W]) counts the
number of times the cycle W wraps Ga. Once this is known all we need to do is to find how to
restrict the range of coordinates until we obtain a cycle V' which wraps G2 once.

We are now going to enter into more details and compute 7 in three steps.

4.1 The evaluation of B([w], [G2])

There is a simple way to compute the total volume of a connected simple Lie group, described by
Macdonald in [11]. It works as follows.

If G is the group, t C Lie(G) a Cartan subalgebra, and tz the integer lattice generated in ¢ by the
simple roots, then T' = t/tz is a torus with the same dimension as ¢. Let o > 0 denote the positive
roots and |«| their length.

Then from Hopf theorem, the rational homology of G is equal to the rational homology of a product

of odd-dimensional spheres: H,(G,Q) ~ H, (Hle(S%H)"i,Q), where n; is the number of times

the given sphere appears. Let Vol(S?*t!) = 2771 /il be the volume of the (2i + 1)-dimensional
unit sphere and Vol(T) be the volume of the torus computed using the measure induced by the
Lebesgue measure on the algebra.

Then the whole volume determined via the pullback of the Lebesgue measure on the algebra is

k
, 4
_ 2i+1\n;
Vol(G) = Vol(T) - HVOZ(S | aF - (4.3)
i=1 a>0
The roots of G5 computed with our choice for the algebra and the normalization, are shown in the
Appendix C. From the figure we see that there are three positive roots of length 2 and three of

length \% The torus associated to the simple roots a; and s is generated by the coroots H; and

Hs. Remembering the relations |H| = 2/|«a|, we find Vol(T) = @ Since S® and S are the odd
spheres which generate the rational homology of G2, we obtain the desired result

B(u, Go) = Vol(Gy) = 9\/57;—(8) : (4.4)

We are now ready for the next step.

IHowever for our purposes it would be enough to consider the homology with rational or real coefficients.



4.2 The construction of the cycle V'

Let us look at (2.5): to determine a closed cycle we first observe that for each one of the two SU(2)
subgroups S and ¥ it is possible to choose the range of the coordinates in such a way as to cover
the whole 3—sphere. The method to do this is well-known (Euler angles) and here we give only
the final result:

<a <2r, ogazgg, <az<m,
<ay <o, Oﬁasﬁg, <ag <,
ag < 27, Oﬁaloﬁg, 0<an <m,
0<ap<2r, O0<a<g, O<au<m. (4.5)

To complete the cycle we need to determine the range for a7 and ag in such a way that du does
not vanish. To this end we solve the inequality f(z,y) > 0 and obtain a tiling of the fundamental
region

(2a7 ,2as) € [0,27] x [0,27] , (4.6)

as we show in the Appendix D. There, we also prove that every region of the tiling gives the same
(absolute value) contribution to the measure.

The cycle V is then obtained by choosing any one of these regions, for example the one denoted
by B in the figure.

4.3 The evaluation of 7 and the range of the Euler angles for G2

We can now evaluate the degree of the map V' — Ga. Using (4.5) for the range of the coordinates,
(3.11) for dp and (4.4) for Vol(G2), we easily find B(7,V) = 16. Therefore, our next task is to
understand the origin of this factor.

A factor 4 can be easily accounted for in the following way. We have built the cycle V starting
from the closed submanifolds S and ¥ corresponding to the two SU(2) embeddings. Thus, naively,
we would expect to find a SU(2) x SU(2) submanifold embedded in G2. But a direct inspection
shows that this is not exactly true. In fact, varying for example a; € [0, 27| provides a double
covering of the six-dimensional submanifold obtained by taking a; € [0,7] and ag,...,as as in
(4.5). This is because the image of SU(2) x SU(2) in G is SO(4) = (SU(2) x SU(2))/Zs, as
previously remarked in Section 2.

Similarly, we must reduce the range of a1 to ai2 € [0,7]. The new cycle we obtain in this way
wraps G four times.

Now, let us consider the torus T'(az, ag) := eV3a7C11¢asC5  We need to determine the subgroup
of 7 x 7 orthogonal matrices A of SO(4), which leaves each element T'(a7, ag) invariant under the
adjoint action

AT (a7,as) A" = T(az,as) . (4.7



It turns out that it is a finite group generated by the idempotent matrices o (0 = o~!) and g
m=n"")

1 0 0 00 O 0 -1 0 0 0 0 O 0
0 -1 0 0 0 O 0 0O 01 0 0 O 0
0 0 -1 0 0 O 0 0 1.0 0 0 O 0
c=1]10 0 0 1.0 O 0 n= 0 00 -1 0 O 0 (4.8)
0 0 0 01 0 0 0 00 0 1 O 0
0 O 0 00 -1 O 0o o0 0 o0 0 -1
0 O 0 00 0 -1 0 00 O 0 -1 0

Considering the action of o one finds

g =Ulay4,as,a6; a1, az,a3)T (az, ag)U(ag, aio, a11; a12,a13, a14)
= Ul(ay, as, as; a1,az2,a3)0T (az, ag)oU (ag, a1o, ai1; @12, a13, a14)

T T b T
= Ulaa, as,as + 5101, 02,03 + §)T(a7,a8)U(a9 + 3,0, 115012 + 5,(113,@14). (4.9)
Therefore, we can restrict 0 < ag < 5.
Analogously, let us now look at the symmetry generated by 7:

g =Ul(as,as,a¢;a1,a2,a3)T (a7, as)U(ag, aio, a11; a12, a13, a14)
= U(au, as, ag; a1, az, az)nT (a7, ag)nU(ag, aio, a11; a12, @13, a14), (4.10)

and restrict our attention to the factor nU on the right. (Similar relations are true for the factor
on the left.) A direct computation using the explicit expression of the matrices shows that the left
action of 7 on U is equivalent to the shift

i T
CL9'—>Z—CL9, alO’_’a10+§7 a1 — am ,
i v
a1z = = a1z, a13'—>a13+§ , ais — aiy . (4.11)

The analysis is more complicated than for the action of o, because now some of the angles are
mapped to values which are outside of the range (4.5) we have fixed. For example, a1o+3 € [, 7],
when ayo € [0, §]. Therefore, we need to use other equivalence relations to map the angles back to
the original region (4.5).

In fact, the following symmetries hold for S and X:

T T
Slag, a1, a11] ~ Slag + 50~ 010,011 + 5]

™ ™

Ylaiz, a13, a14] ~ Elarz + 50T 013,014 F 5] : (4.12)
These are the known symmetries which have been used to determine (4.5) in the first place. Thus
the action (4.11) of n is equivalent to

i iy
ag — —T —ag , aijp — = —aip , a1l —air + =,
Azt 7 a1, a3t 5 a1, aiy — a4 + 5 (4.13)

10



where now a19 and a3 stay inside the allowed intervals. The next point to notice is that for the
remaining coordinates it is possible to use similarity relations which does not involve a1¢ and a3,

e.g.
Slag, a1, a11)X[a12, a13, a14] ~ Slag + 7, a10, a11]X[a12 + 7, a13, a14] (4.14)

and similar symmetries. Moreover, 7 is a linear transformation, so that it is enough to restrict
the range of one of the angles. Therefore, luckily, we actually do not need to know the action of
1 on the whole set of coordinates. The solution of our problem simply consists in restricting the
range of either ajg or ajs in the SO(4) factor U(ag, a1g, a11;a12,a13,a14) on the right. Alterna-
tively, the same result can be achieved by restricting the range of either as or as in the factor
U(aq, as,ae; a1, az,az) on the left. Since we prefer a coordinatization which respects the fibration
described in Section 2 and we want the angles ag, ..., a14 to span the whole fiber U(aq, ..., a14),
we choose the second option and restrict the range of as.
Finally, we can summarize our results for the range of the angles describing Ga:

™ i
0<a; <m, 0§a2§§, O§a3§§,
v
0<a4 <2m, Oﬁasﬁz, 0<ag<m,
T
0<ag<2m, OSCMOSE, 0<an <,
i
0<ap<m, 0§a13§§, 0<ay<m,
T T
O§a7§g, 3a7§a8§§. (4.15)

5 Conclusions

We have found a coordinatization of the G2 group with a one to one correspondence between the
range of coordinates and a full measure subset of the group. In particular, this has allowed us to
obtain a quite simple expression for the Haar measure, which should make numerical computations
involving the geometry of G2 much easier, for example in lattice gauge theories or in random matrix
models.

However, note that to find an Haar measure on the group we would not have actually needed
the last step of the work, i.e. the determination of the correct range of the coordinates which yields
an injective map.

In fact, if dp indicates the measure over the cycle V, it is possible to simply get an Haar measure
dfi over the Lie group G2 by just taking

. 1
df = 16du , (5.1)
16 being the degree of the map V — Go.
On the other hand the determination of the correct range of coordinates, which covers the whole
G wrapping it exactly once except for a subset of vanishing measure, provides a new result, since
it determines also a coordinatization of the homogeneous space H = G2/SO(4) of quaternionic
subalgebras of octonions.
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Moreover, we have also computed the induced metric of H
ds2c = dap 2 @ J0 (5.2)

and shown that it is an Einstein metric. This result is proven in the Appendix E.
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A Commutators

0 203 —-2Cy C Cs —Cs
* 0 201 —CG C7 C4
* * 0 C5 —04 07
* * * 0 C3 + \/§C8 —CY
x * * 0 Ch
x % * * * 0
B_ % * * * *
* * * * * *
* * * * * *
k% * * * *
% * * * *
* * * * * *
* * * * * *
k% * * * *
0 0 Cia Ci3
0 0 —Ci3 Cia
—C12 Cu —C1o Cy
2C'11 62'12 —109 Tclo
75010 —2%09 %2012 , 7 0n
0 7508 027 vAST chw - Cs
* 0 75013+ Co 751014 +Cr
* * 0 —%Cg +C3
* * * 0
* * * *
* * * *

B The left-invariant 1-forms J},

¥ X X ¥ X ¥ *x O

Jp = [cos3 (a7) sin(2ae) cos as — sin® (a7) cos(2as) sin ag] das

¥ X X ¥ X ¥

0
—/3C5
V3C,y
V307
—/3Cs

—%012 +Cs
—2%09 + 4
%010 + Cy

Cs+Cs

— sin(2as) [0053 (a7) cos(2ag) cos ag + sin® (a7) sin(2a) sin as] das

+% sin (2a7) [cos (2as3) sin (a7) cos as + sin (2as3) cos (a7) sin as| das

+§ sin (2a7) sin (2a2) [sin (2a3) sin (a7) cos as

— cos (2a3) cos (ar) sin as] day

[cos3 (a7) cos(2as) cos ag — sin® (a7) sin(2as) sin as] das

+ sin(2as) [0053 (a7) sin(2ag) cos as + sin® (a7) cos(2as) sin as] das

—3 sin (2a7) [sin (2a3) sin (a7) cos as + cos (2as3) cos (a7) sin as| das

13
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Jn =
I =

+§ sin (2a7) sin (2az2) [cos (2a3) sin (a7) cos as

— sin (2a3) cos (a7) sin ag] daq

i (3 cos (2a7) + cos(2as)) (das + cos(2as)das)
V3

1 (cos (2a7) — cos(2as)) (das + cos (2a2) da1)

—% sin(2asg)das — % cos(2as) sin(2ag)das — g sin(2ag)das
—g sin(2ag) cos (2a2) dax

dasg

[sin3 (a7) cos(2as) cos as + cos® (a7) sin(2as) sin ag] das
+ sin(2as) [Sin3 (a7) sin(2ag) cos ag — cos® (ar) cos(2as) sin as] das

+§ sin (2a7) [— sin (2a3) cos (ar) cos as + cos (2a3) sin (a7) sin as] daz
+% sin (2a7) sin (2a2) [cos (2a3) cos (a7) cos ag
+ sin (2a3) sin (a7) sin as] day

[sin3 (a7) sin(2ag) cos ag + cos® (a7) cos(2as) sin as] das
— sin(2as) [Sin3 (a7) cos(2as) cos ag — cos® (a7) sin(2ae) sin as] das

+% sin (2a7) [cos (2as3) cos (a7) cos as — sin (2a3) sin (a7) sin as| das

+§ sin (2a7) sin (2a2) [sin (2a3) cos (a7) cos as

+ cos (2a3) sin (a7) sin as] da:

Jil = da7

I = ? sin (2a7) das + ? cos(2as) sin (2a7) dag — ? sin (2a7) das

—73 sin (2a7) cos (2a2) da1

I = —? sin (2a7) [cos (a7) cos(2ae) cos as + sin (a7) sin(2ae) sin as] das

—&—? sin (2a7) sin(2as) [— cos
+V3 [sin (2as) sin (a7) (3 sin
— cos (2as) cos (ar) (3 cos % (a7) — 2) sin as| daz

3sin (2az2) [cos (2as) sm (a7) (3 sin® (a7) — 2) cos as
+ sin (2as) cos (a7) (3 cos” (az) — 2) sinag| dax

V3

s (a7) sin(2a¢) cos as + sin (a7) cos(2ag) sin as] daa
“(

ar) — ) cos ag

Tt = L2 sin (2a7) [cos (a7) sin(2a6) cos ag + sin (ar) cos(2ae) sin as] das

— ? sin (2a7) sin(2as) [cos (a7) cos(2ae) cos ag — sin (a7) sin(2ae) sin as] daa
+V3 [cos (2a3) sin (a7) (3 sin’ (a7) — 2) cos ag

—sin (2a3) cos (ar) (3 cos® (ar) — 2) sin as| das

+v/3sin (2a2) [sin (2as3) sin (a7) (3 sin® (a7) — 2) cos as

+ cos (2as) cos (a7) (3 cos” (ar) — 2) sin as| daa
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C The root system

Here we show the roots computed using Cs and C7; normalized to 1. The long roots have length
2 and the short ones have length 2/ V3.

Cs

(_\/371) (_%51) (%51) (\/5,1)

Y

(—V3,-1) (—d5 1) (&.-1) (V3.-1)
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D The range for a; and asg

Here we show a plot of the fundamental region for the variables a7 and ag, which is determined by
the condition f(«, 8) > 0 where f is given in (3.12). We obtain a tiling of the torus in 24 triangles,
over which the sign of the measure alternates, starting with a positive sign in the region B. In the
edges the measure vanishes.

ﬁ A
2
G
T
C F
B E
A D
O 3 %’T T %’T %’T 2T«

We now show that any sector of this tiling gives exactly the same contribution (obviously up to
a sign) to the volume of G2. To this end we describe some symmetry property of the function
f(a, B). The translation symmetries f(«, 8) = f(a+ 7w, 8+ 7) = f(a— 7,8+ 7) and the reflection
symmetries —f(«, ) = f(—«,3) = f(o,—f0) allows to restrict us to the square [0, 7] x [0,7].
Moreover, the translations gives the equivalence of the triangles A, B and D with F', E and C

16



respectively.
At this point we are left with only three different kinds of triangles: A, B and D. The symmetry

fla,B) = f(o‘—‘gﬁ, 30‘2_5) maps A to B, B to A and D to G. This proves that we can choose

whatever triangle, for example A, as the fundamental region.
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E A metric for H

Here we give the expression for the metric on H induced by the metric on G2, and show that it is
an Einstein metric. Let us introduce the 1-forms

Ii(z,y, z) := sin(2y) cos(2z)dx — sin(2z)dy ,

Ir(z,y, z) := sin(2y) sin(2z)dz + cos(2z)dy ,

Is(z,y, z) :== dz + cos(2y)dz . (E.1)
Thus we can write

dsi = da? + da2 + [sin2 as cos® a7 + cos? ag sin’ a7] (daé + sin® (2a5)dai

+3da§ + 3sin? 2a2da§)
% cos(2as) cos 2a7 sin” 2az {11 (a4, as,a6) + 312(a1, az, az)]?
+ [I2(a4, as, as) — 311 (a1, az, a3)]2}

3 .
+7 sin® 2ar [I3(a, as, as) — Is(a1,az, as))?

1 .
+Z 51n2(2a8) [I3(a4,as,a6) + 313(a1, az, a3)]2 . (E.2)

We will now compute the curvature of such a metric. Let us use capital indices for the full algebra,
I=1,...,14, Latin indices for the so(4) subalgebra, i € {1,2,3,8,9,10}, and Greek indices for the
complementary elements, o € {4,5,6,7,11,12,13,14}. Let fr;x be the structure constants with
one index lowered through the identity matrix. It is then clear that the non vanishing structure
constants are those with either none or two Greek indices: fijr, fosr and permutations. Using
this fact and the Maurer-Cartan equations?, the components of the Riemann tensor with respect
to the acht-bein are found using only the algebra.

In fact by construction we have that (E.2) takes the form ds2; = gagda® ® da”, with

Gap = J1T505s - (E.3)
Let us note that, using notations as in section 3, we have
Jn=Jn+ JiCy . (E.4)

On the other hand, using Jj, = h~'dh one finds
1
th:—Jh/\Jh:—i(]l/\JJf[JKCK . (E5)

The spin connection can be determined computing dJy, from (E.4). Being j,‘f = J§! we can omit
the tilde in what follows and write

1 1 .
AJit = =5 T 1" = =S IO f = T g (B.6)

2We use the following notations: The spin connection is uniquely defined by djﬁ‘ = —wagjf and wag = —Wga;
the Riemann tensor field is then R% 5 = dw® g +w*y Aw? g with components R,z7 s such that R75 = %RQB'V&J,‘; /\ij
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where we used the properties of the structure constants. From this we can read the expression for

the spin connection one-form, which can be written in the form
« I [ 1 Y «
W = Jpf15" — 5T fre” -
The curvature tensor can be then computed directly
RY, = J)\Ju a 7 1 v a 1 a v « v
8= Jpdy | =P fus' + P Fus® = " Pas” = P fus” |

or in components

1 1 1
Rap)s = —far" 35" + far" fas' + gfaﬁlfmv - Zfﬁalffﬁ + meslfmv :

The Ricci tensor pap = vaﬁ is then

1 1. . 1.,
PaB = ZfozIJfﬁIJ + §fa7 Jovi + §fﬁ7 fari -

The explicit form of the structure constants in our base then yields

PaB = 85aﬁ )

or in curvilinear coordinates p,, dr* @ dz” = 8ds:2}c.
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